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1.- INTRODUCTION

The solution for a right tangle has many practical uses in &ghnicalscope, as the
transformation of cartesianto polar coordinates or complex numbers representation in
their polar form, defining its modulus and argument from the real and imaginary parts
respectively.

The small scale marked with an M letter, appearing in models ELEKTRO SLE and
SLPP frompolish Brand SKALA, allow easy and fast solutions to right triangles.
additionally gives a better accuracy than the one obtained with traditional trigonometric
scales usage.

SKALA ELEKTRO SLE

SKALA SLPP

In this articleit is describedhe scale M in detailed formn,t 6 s e x psageand e d
described the right triangle solution procedures with other types of slide rules through
standard trigonometric scales, applying sines theorem.

In the necessarily reduced spaces of slide rulesuaisins not possible to explain in
detail the theoretical foundations that allow the solution of the different mathematical
operations, giving only in its place a
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We intend to exliain those foundations in the llef thati t dasier to remember the
movemend and reading sequencesneededon the slide rules scales when the
correspondingheoretical base is already known.

2.- SCALE DESCRIPTION

The small scale M siten theslide, between the scales C and CI, and its lengtbf
about 2 cm.

The values of thé/ scalespan from 0 to 1 and increase from right to left. The value 0
of M scale is just over the 5 of C scale, and the value 1 of M is over the 4,14 of C.

3.- SCALE FOUNDATIONS

In a right trianglewhere itslegs area andb, the value of the hypotenuses easily
obtained through the direct application of the well known Pythagoras theorem, as:

c=+va’+b?

b
That same relationship can be expressed in the following form:
c=b+A
Being:
a2
A=—-M
b
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Where:
2 —
M = \/1+>; 1
X
And
a
X=—
b
In this quotientasa is the smaller of both legg,is namely always true:
a<b
The proof t hat both expressions are reall.\

exchangethe value ok in M and later théV value inA.
Following the procedur&vould be:

2
1 -1
T
a 2
1+[b) -1
And A:a_'—z
A= -b

a
+ —
:
a
b
2
)
b
Operating:
b 1+(El
b

2

Substitutingthis value oftg in thefirst equation becomes

a’® +b?
e

Namely

c=b
And finaly

c=+va’+b?
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Which demonstratethe equality of the tweequations proposed

By applyingthis procedureand usingthe M scale the value ofgpis obtaineddirectly
and, bysimple additionthehypotenuse of thetriangle

4.- SCALE PLACEMENT IN THE SLIDE RULE

A relatively interestingaspect whictdeservesome attentiois the position othe scale
M in the rule

First, this is not a conventional fi#ngth scale, but develops froabout 4.14 to 5
values of the C scalbaving, as already mentioned, a length of 2 cm.
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As outlined belowthis position is conditioned byhe minimum and maximunvalues
thatM can takeas a functiorof the value ok.

The valueof x isthe ratio between themallest and largestg or what isthe samethe
valueof the tangenof the angle betweetle hypotenuse and tiégherleg, which we
will call hereinaftem, and thereforean onlytake valuebetween 0" and "1", since the
valueof the anglex shall not exceed5 degrees.

Thevaluex = 1 corresponds to thease wher@ andb are equalie whenthe triangle,
additionally to being righits alsoisosceles.

I n this case Nuvaloesis:easy to see that
=4J/2-1=0414

What is notso obviouds that when the valuef x is infinitely small, practically almost
zero,M = 0.5.

To explainthis we needo dip intothe infinitesimal calculuand the theorgf limits.

Indeed to calculatehe value taken byl whenx is infinitely small, it isnecessary to
calculate théimit of the functionM, wherex has a valuelose tozero, ie

o1+ x3-1
Im ———
Xx—0 X
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In reality this situationrwould never be metndwould correspondbo the theoretical case
in whicha =0.Inthiscasa t 6s obvi ous bechnstrudtedbutafar\grdy e
smallvaluesof a versusb, we would obtairvaluesof x very close to zero.

If x=0 in the functionM we obtainwhatin the theory ofimits is known as aype0/0
indeterminacy.

Suchuncertaintiesn the theoryof limits, aresolvedby applying the_'Hopital rule.

This ruleis named after thd&7th century French mathematicigBuillaume Francois
Antoine, Marquis deL'Hopital (1661-1704) who madethe rule knownn his "Analyse
desinfinementpetitspourl'intelligence deslignescourbe$ in 1692.

ANALYSE
DEs

)
INFINIMENT PETITS

The wording of theule of L'Hopital is essentiallyas follows:

If f(x) andg(x) are twodifferentiable functiongie, the derivative function exigts the
neighborhood of a poirgin which

f(P)=9g((P)=0
Andadditionallyit is truethatthe derivative functiog(x) at pointp is not null ie

906 Fp)
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Then, if it exists

(%)
im —;
x->p g'(X)
It also exists
i %)
X—=p g(x)
And they are the same, ie
f'(x f(X
lim ARG lim 109

x->pd'(X)  x>pg(x)

Applying the LOH?! pi t adthisrcasp=)itiso f uncti on M,

f(X)=v1+x* -1
9() =x*

Their derivative functions are:

F1(X) = ——=
V1+ X2
g'(x) = 2x

Then, dividing both numerator and denominator by x, finally it comes to:

(%) 1
im —/—= =05
x>00'(X) 21+ x2

In summarythe extreme valuesf the functionM are:0,414for x = 1 and0.5 forx =0,

and this explains the position of this scale in the rule, directly confronted with the
values between 4.14 and 5.00, respectively, of the C scale.

The exact length dhe scaleM, for a rule withscales of 250 mris:

Lm = (log 5.00i log 4.14)*250 =20.49mm

10
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5.- SCALE OPERATION

This sectiordescribes in detail therocedure to b&llowed for theresolutionof a right
triangleby usingthe scaleM.

In the first place andsingscalesC andD, calculate thealue ofx = tan(a), taking into
accounthata corresponds to the smallastthe legs.
This is done=asily by placing thgalue ofa, on theC scaleover the valu®f b, on the

scaleD. Under thel of the C scale you carread the value dian(a.).

The correspondingngleUis obtaineddirectly on theT scale, bearing imind that
theserules have angular scalesminutes rather tharenthsof degrees

O

b tana

If to obtainthe value ofx, the scaléM is placedoutside the range dhe D scale with
thehelp of the cursothe slideshould be movedxchanging the left of the C scalefor
the 10 to the rightof the samescale as in anyother calculationswith the rule.From
herethe procedure is theame

Using thecursorandwithout movingthe slide,move tothe value obtained fotr on the
scaleM. On theD scalewill then readtheresult of the product

M.X:M.E
b

Note that inreality the function valueof M is read onthe C scaleand not ornthe M
scale itself.

M 9o

11
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To finally obtainthe value ofA, is still needed to multiplyhe above resuligain bya. It
is more conveniertb use the scal€l, ie to divideby the inverse oh.

To do this,without moving thecursor,movethe slideto readunder its mairine the
value ofa on thereciprocalscaleCl. The value oA mayberead directly ortheD
scale underthe 1 of C scale.

Now we justadd to this value the orud b, to obtainthe hypotenuse.

When the value ok is very small and therefore difficult to place on the M scale with
some precision (since in this artéee divisions of the scale are very close together), it
can be more efficient to approximate the valuepofith the expression:

Az _aX

X

Since,as mentionedbove, thesalue of theM functionis close tol/2 wherex is close
to zero.

Furthermorethis latter terms used,jn any casgto determine thelecimal positioron

the value ofA, following theknown rulesof the estimativecalculationsas seerin the
following examples

6.- EXAMPLES

Example 1 To solve the triangle whose legs are: a = 7,35 and b = 8,65
Solution:

In the first place we calculate the valuexcf tan U:

_ 61_7,35_085
X b T865

12
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OnT scale we can read the value of arigleeing in this case:

U = 400 2105

Transferringthe resultof x, on the scaléM, we can reacdnthe C scale the valueof M,
in this case:
M =0,432

On the D scalewe can beread, butonly haseducationalinterest the intermediate
product:

olo

13
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But tofinally getthe value ofA, westill needto multiply theabove resulagain bya.

It is easier however, todivide by the inverseof a, for which, without moving the
cursor,a valueis matched, on th€l scale with the main lineof the cursor.

Under thel of theC scale, the value apcan bereadon D scale . In this case:

mp= 2,7

The decimal position has been obtained by the following aproximation calculation:

As seenit is notnecessary to reatie intermediate results operations foiobtaining
the valueof M or M.x

To get the valuef the hypotenus# is only neededo add the value adpto the longest
leg, that is:

c=mp+b=2,70 + 8,65 41,35(exact value: c = 11.351)

14
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Example 2 To solve the triangle whose legs are: a=7,20y b =12,85

Solution:

As in the previous case, we calculate the valueotan U

OnT scale we can read the value of ariglén this case

U = 29U 1565

In this casdhe scaleM is outside the rangef C scale and therefori¢ is necessary to
transposehe slide To do this,without moving thecursor(which is alreadyplaced on
the 1 of C scale),the slideis fully movedto match thelO of this scale with the ain

line of the cursor.

15
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From herethe procedure is exactthe same as ithe previous exampl@btainingthe
following results:
M = 0,466

Wherethedecimal positiorhas been obtained ligllowing approximate calculation

ﬂ=7'_0’5:175
2 2

And finally:

c=mp+b=1,88+ 12,85 %4,73(exact value = 14.73)

Example 3 To solve the triangle whose legs are: a=2,86 y b = 19,20

16
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Solution:

Now the value ok = tan Uis:

228 149
S 1920

S|

On the T scale we can read the value of abgle

U 8228

Here,where the valuef x is very smalljt is difficult to accuratelyplace iton the scale
M. Thenit is easierandsufficiently approximation to calculate

a’ a-x_286-0149

=0,213
2 2

In this case the decimals come directly from this last calculation, and it is not necessary
any approximate estimation to find the decimal point position.

And finally:

c=@p+b=0,213 + 19,26 19,413(exact value ¢ = 19.412)

17
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7.- SOLUTIONS WITH OTHER RULES

The resolution of trianglewith a slide rulecan be carriedut easilyby applying ratios
of sinestheorem.
a b c

serz  semd  sery

Wherea, b andc are the sidesf the triangle andk, B andy arethe angles oppositach
side respectively.

b

Fora right triangle with the legsa andb, andc the hypotenusethen
v =90°

And so:
siny=1

In additiona. andp anglesare complementarye the twoof themadd upto 90°, and
thus

sina=cospf

cosa=sinp

Giventhe abovethelaw of sinedor a righttriangle,can also be writteas follows

Multiplying all termsby sin a:
a=Db-tana =c-sina

Although the theorydiscussed abovis the samgthe practical procedureas discussed
below, depends omvhere thetrigonometricscalesS andT are placed irthe slide rule
The resolutiorof triangles asexplainedso far, isnot possiblevhen the valuesf the
scaleS arereadagainsthe scalef square#\/B insteadof onthe scale£/D.

In somecases it will benecessary to transpotiee slide,changingwith the help of the

cursor the left index(the 1 of C scale)for the right one (1@f the same scaler vice
versa.

18
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S and T scason the body of the rule

This arrangement is quite common in European rules, but rules from the French brand
Graphoplex and some Aristo models have these scales located on the slide.

ARISTO 0968 STUDIO

To make usef proportions irthis type ofslide rule,it is more interestingp express the
above equationaccording to thénverseof a, b andc, whichwouldfinally give:

1 _tgr_sen
l/a 1/b 1/c
The operating procedureth the slide rulas as follows:

We placethe value ofa (remembethata is the shorterleg) on the scal€l, above the
100n the scal®.

Move the cursor to thealueof b ontheCl scale Onp scalewe read the valuef tan U
and on thé&l scalewe canread the value dheangleU.

T o
b a
Cl
D an o 1

19
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In somecases it is necessaxycompletely displacéhe slideto replace thd0bythe 1
onD scale.

Without movingthe slide movethe cursor taeadthe same anglé) on theS scale,
allowing to readn theCl scalethevalue ofthe hypotenuse.

Cl

S and T scales on the slide

This arrangemenis quite common inAmericanmaderules andin the French brand
Graphoplex

PICKETT N500-ES LOG LOG

KEUFFEL & ESSER 63100 DECILON

In this case it is more convenient to rementhet the sines law for a right triangle can
be expressed also in its inverse form as:

sinae _cosa 1

a b

(¢}

20
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From this, the only equation with a practical value for the resolution with a slide rule is:

sina 1

a ¢
Furthermoredividing this expressiolby cose, it gives

1
C-COsx

tana
a

_1
b

And similarly, here only the first equality is ahterest:

g
a

ol

To solve thdriangle bysuch expressionse place thelO of the C scaleover the value
of b (b is the valueof the longer legpn D scale.Over the valuef a in the D scalg it
can be read the value tn a on theC scale,and onT scale (which is nowon the
slide) the valueof the anglex.

T o
C tga 1
D a b

Without moving thecursor,movethe slideto place the valuef o from S scalebelow
the center linghereof. Then undetthe 1 of the C scale we can readhe valueof the
hypotenuse in D scale. In someases it i;mecessaryo completely displacéhe slide
to replace thd0bythe 1 of C scale.

S and T scales on the back of the slide

Thissetof scales s ¢ o mmo n aules, inshighthel orlyscaleson the back
arethetrigonometric scalearranged irthe slide

21
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ARISTO 99 RIETZ

GRAPHOPLEX 620

In these casdsis morepractical to writethe above relationas follows:

b 1

a tana
And

c 1

a siha

With the equations present@d this way,the operation proceduseith the rulewould
be as follows

We place the valuef the smaller le@, from theC scale, over the value of the longer
legb, from D scale. Thengver thel of theD scale, we can read the valuetari

a
c tga

In this positionwe can be readn the back othe rule,on theT scaleof the slide, the
value of anglex.

/ o T
N

22
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We novethe slideto read the value af on theS scale.

/ a S
N

Keepingthis position otheslideand turningaround the rulepn the front andbelow the
value ofa from C scale you carread the value dhe hypotenuse, on theD scale.

23
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8.- CONCLUSIONS

In order to stabliska criteria so that to compare the different scale layouts, a summary
table is included with the number of movements of the cursor and the slide needed to
solve each one of the examples shown.

This table is to evaluate the efficiency of each of the diffescale layouts presented.

For counting the movements, the folded scales have not been considered, as these are
not available in all slide rules. This type of scales, in some cases, makes the change
from left to right end of the scale unnecessaagtucing the number of movements.

In those rules with scales in the back of the rule, models with reading windows at both
ends have been used for the counting of movements, so that the reading is available
either at the right or the left. On the contraayme other change from left to right scale
ends might be needed, adding to the total number of movements required.

MOVEMENTS
CURSOR SLIDE TOTAL

SKALA 4 2 6

EXAMPLE 1 S, Tin the body 4 2 6
a=7.35 ; :

b =8.65 S, T in the slide front 3 2 5

S, Tin the slide back 4 3 7

SKALA 4 3 7

EXAM;;(')E 2 S, Tin the body 4 2 6

a=7q7.

b=12.85 S, T in the slide front 3 2 5

S, T in the slide back 3 2 5

SKALA 3 2 5

EXAMPLE 3 |5 Tin the body 4 2 6
a=2.86 ; :

b = 19.20 S, T in the slide front 3 2 5

S, Tin the slide back 3 2 5

As can be appreciated in the preceding table, there are no big differences in the number
of movements from one scale layout to the other. The slight differences are due to the
need to change of slide ends in some cases.

This difference depends on the problem initial data rather than on the specific scale
layout. No scale layout has been found where the change of slide ends had not been
needed at some time.

Regarding the precision of the result, as in all slide rulesp#sically dependant on the

length of the scales and not on their layout. The bigger the length, the greater is the
distance between scale divisions and thus the respective readings are easier.
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